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MAXIMAL INEQUALITIES IN QUANTUM PROBABILITY
SPACES
GH. SADEGHI 1,3, A. TALEBI2,3 and M. S. MOSLEHIAN2,3
Abstract. We employ some techniques involving projections in a von Neu-
mann algebra to establish some maximal inequalities such as the strong and
weak symmetrization, Le´vy, Le´vy–Skorohod, and Ottaviani inequalities in the
realm of quantum probability spaces.
1. Introduction and preliminaries
Some of the important kinds of probability inequalities such as Kolmogorov,
Le´vy, and Ottaviani inequalities relate tail probabilities for the maximal partial
sum of independent random variables; see [13, 18, 21]. By centering sums of in-
dependent random variables at corresponding medians, Paul Le´vy [12] obtained
some maximal inequalities, which can play a similar role as Kolmogorov’s inequal-
ities; see also [10]. In fact, he proved the probability of a maximal partial sum of
random variables exceeds some given number is concerned with the probability
that the last partial sum does so.
Le´vy inequalities (see also [20]) assert that if X1, X2, . . . , Xn are symmetric
independent random variables with partial sums Sk, k = 1, 2, . . . , n, then for any
λ > 0
P
(
max
1≤k≤n
(Sk) > λ
)
≤ 2P(Sn > λ),
and
P
(
max
1≤k≤n
|Sk| > λ
)
≤ 2P(|Sn| > λ).
Many classical inequalities have been extended to the quantum setting. We refer
to [1, 22, 23] and the references therein for more information.
In what follows, we give some necessary preliminaries on quantum probability
spaces. Throughout this paper, we denote by M a von Neumann algebra on a
Hilbert space H with the unit element 1 equipped with a normal faithful tracial
2010 Mathematics Subject Classification. Primary 46L53; Secondary 46L10, 47A30, 60B11.
Key words and phrases. Noncommutative Le´vy inequality; quantum probability space;
weakly full independence; symmetrization; maximal inequality.
1
2 GH. SADEGHI, A. TALEBI, M.S. MOSLEHIAN,
state τ . The elements of M are called (noncommutative) random variables. We
denote by ≤ the usual order on the self-adjoint partMsa ofM. For any projection
q ∈M, we write q⊥ = 1− q.
For every self-adjoint operator x ∈ M, there exists a unique spectral measure
E supported on the spectrum σ(x) of x such that x =
∫
R
λdE. Recall that
the resolution of identity (eλ(x))λ for x is an increasing family of projections
such that for any λ ∈ R, eλ(x) = E((−∞, λ)) is the spectral projection of x
corresponding to the interval (−∞, λ). Moreover, we denote by eB(x) the spectral
projection E(B) of x corresponding to the Borel subset B. If p ≥ 1, then the
noncommutative Lp-space Lp(M) is defined as the completion of M with respect
to the Lp-norm ‖x‖p := (τ (|x|
p))
1
p . Further, if x ∈M is a positive element, then
‖x‖pp =
∫ ∞
0
ptp−1τ
(
e⊥t (x)
)
dt.
Further, if x ∈ Lp (M) is self-adjoint and t > 0, then we have the inequality
τ(e⊥t (x)) ≤ t
−pτ(|x|p), (1.1)
which is known as the Chebyshev inequality in the literature (see [15]).
We need the next result related to the lattice of projections.
Lemma 1.1 ([17]). Let p and q be two projections of M. Then
(i) if (pλ)λ∈Λ is a family of projections in M, then τ (∨λ∈Λpλ) ≤
∑
λ∈Λ τ(pλ).
(ii) if p and q commute, then p ∧ q = pq.
Some tools in the study of classical results still work in the extension to non-
commutative setup. However, some techniques must be invented to find quantum
versions of classical inequalities involving maximum of random variables. Indeed,
the maximum of two self-adjoint operators does not exist, in general. To do away
with this problem, we shall construct some special projections to establish some
noncommutative maximal inequalities.
In this paper, we intend to prove analogues of several classical maximal in-
equalities such as strong symmetrization, Le´vy, Le´vy–Skorohod, and Ottaviani
inequalities in the noncommutative setup. It is noteworthy that, in quantum
probability theory, various concepts of independence have been studied such as
tensor independence, free independence (freeness), and Boolean independence.
We use the notion of the tensor independence and a weaker notion of full inde-
pendence, say weakly full independence, to obtain noncommutative counterpart
of some maximal inequalities.
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2. Noncommutative Le´vy inequality
We start our work with the noncommutative counterpart of the notion of me-
dian.
Definition 2.1. For a self-adjoint element x ∈ M, we say a real number m is
the median of x if the following inequalities hold:
τ
(
e(−∞,m](x)
)
≥
1
2
and τ
(
e⊥m(x)
)
≥
1
2
.
The median of x is denoted by med(x). The median of any self-adjoint element
x always exists. In fact, the real number m := sup{α : τ
(
e⊥α (x)
)
≥ 1
2
} is a
median of x. To observe this, let Σ := {α : τ
(
e⊥α (x)
)
≥ 1
2
}, which is nonempty,
since −‖x‖ ∈ Σ. Furthermore, Σ is bounded above, because if α > ‖x‖, then
e⊥α (x) = 0, and hence α /∈ Σ. Consider a decreasing sequence (αn) of real numbers
converging to m. Then (−∞, m] =
∞⋂
n=1
(−∞, αn). On the other hand, there exists
an increasing sequence (βn) in Σ such that βn ր m. Hence, [m,∞) =
∞⋂
n=1
[βn,∞).
Assume that e(x) is the spectral measure for x and let ξ ∈ H. Since the function
eξ,ξ(x) : B 7→ 〈eB(x)ξ, ξ〉 is a regular Borel measure, we have
eξ,ξ((−∞, αn)) −→ e
ξ,ξ((−∞, m]) and eξ,ξ([βn,∞)) −→ e
ξ,ξ([m,∞))
That is
〈eαn(x)ξ, ξ〉 −→ 〈e(−∞,m](x)ξ, ξ〉 and 〈e
⊥
βn
(x)ξ, ξ〉 −→ 〈e⊥m(x)ξ, ξ〉
and hence in the strong operator topology
eαn(x) −→ e(−∞,m](x) and e
⊥
βn
(x) −→ e⊥m(x)
Thus
τ(e(−∞,m](x)) = lim
n→∞
τ (eαn(x)) = 1− lim
n→∞
τ
(
e⊥αn(x)
)
≥
1
2
and
τ
(
e⊥m(x)
)
= lim
n→∞
τ
(
e⊥βn(x)
)
≥
1
2
.
Some properties of the median are presented in the next proposition.
Proposition 2.2. Let x ∈Msa, p ≥ 1, and α be a positive real number, then
(i) if τ
(
e⊥α (|x|)
)
< 1
2
, then |med(x)| ≤ α.
(ii) |med(x)| ≤ 2
1
p‖x‖p.
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(iii) |med(x)− τ(x)| ≤
√
2 var(x), where var(x) = τ (x2)− τ(x)2.
Proof. (i) From e⊥α (|x|) = e
⊥
α (x)+e
⊥
α (−x) and the assumption we have τ(e
⊥
α (x)) <
1
2
and τ(e⊥α (−x)) <
1
2
. If med(x) > α, then we get τ(e⊥m(x)) ≤ τ(e
⊥
α (x)) <
1
2
,
which is impossible; hence med(x) ≤ α. Similarly, med(x) ≥ −α.
(ii) The conclusion can be deduced from (i) and the Chebyshev inequality (1.1)
τ
(
e⊥
2
1
p ‖x‖p
(|x|)
)
≤
‖x‖pp
(2
1
p‖x‖p)p
=
1
2
.
(iii) It is enough to use (ii) with x − τ(x) instead of x, and the fact that || x−
τ(x) ‖22 = var(x). 
In quantum probability theory, there is no single notion of independence; cf.
[7, 16]. Among noncommutative meanings of independence, freeness [24], which
was introduced by Voiculescu and led to the development of free probability
theory; tensor independence [5, 11] which is a straightforward generalization of
the notion in classical probability theory and gives us a way to compute mixed
moments from the moments of the summands; Boolean independence [14], which
is related to full free product of algebras [4]; and monotone independence [16],
which have been considered as the most fundamental one. Franz [8] studied some
relations between freeness, monotone independence and boolean independence
via Bo˙zejko and Speichers two-state free products [2].
To establish our main result, we can assume an independence condition as
defined in [22], which is weaker than the tensor independence. A sequence (xk)
n
k=1
is said to be weakly fully independent if the subalgebras W ∗(x1, . . . , xj−1) and
W ∗(xj , . . . , xn) are independent for any 1 < j ≤ n, in the sense that
τ(ab) = τ(a)τ(b), a ∈ W ∗(x1, . . . , xj−1), b ∈ W
∗(xj , . . . , xn)
in which W ∗(S) denotes the W ∗-algebra generated by a subset S of M.
The next theorem provides a noncommutative analogue of the classical maximal
Le´vy inequality. Recall that two normal random variables x, y are identically
distributed if τ (eB(x)) = τ (eB(y)) for any complex Borel set B. A random
variable x ∈Msa is said to be symmetric if x and −x are identically distributed.
The following Lemma shows that any finite sum of weakly fully independent
symmetric random variables in Msa is symmetric.
Lemma 2.3. If x, y ∈Msa are two weakly fully independent symmetric random
variables, then x+ y is symmetric.
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Proof. By the binomial identity and the tracial property of τ , we get for every
natural number k
τ
(
(x+ y)k
)
=
k∑
i=0
(
k
i
)
τ
(
xi yk−i
)
=
k∑
i=0
(
k
i
)
τ
(
xi
)
τ
(
yk−i
)
(by weakly fully independence)
=
k∑
i=0
(
k
i
)
τ
(
(−x)i
)
τ
(
(−y)k−i
)
(by symmetricity of x, y)
=
k∑
i=0
(
k
i
)
τ
(
(−x)i (−y)k−i
)
(by weakly fully independence)
= τ
(
(−x− y)k
)
,
and hence the probability distribution of x + y and −x − y coincide by [5, Page
203, Remark]. 
Theorem 2.4 (Noncommutative Le´vy inequality). Let x1, x2, . . . xn be weakly
fully independent symmetric random variables in Msa with the partial sums sk
satisfying sksn = snsk for all 1 ≤ k ≤ n. Then, for each λ > 0, there exist two
projections p and q such that
max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (sk)
)
≤ τ(p) ≤ 2τ
(
e(λ,∞) (sn)
)
, (2.1)
and
max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (|sk|)
)
≤ τ(p+ q) ≤ 2τ
(
e(λ,∞) (|sn|)
)
. (2.2)
Then, if e(λ,∞) (sk) (respectively, e(λ,∞) (−sk)) is nonzero for some 1 ≤ k ≤ n,
then p (respectively q) is a nonzero projection.
Proof. The proof is based on some constructions of special sequence of projections
relative to (sk) and a parameter λ. More precisely, consider projections rk =
e(−∞,λ] (sk) with 1 ≤ k ≤ n. We set
p1 := r
⊥
1 , pk :=
k−1∧
i=1
ri ∧ r
⊥
k ∈ W
∗ (x1, x2, . . . , xk) (1 < k ≤ n);
tk := e[0,∞) (sn − sk) ; (2.3)
fk := r
⊥
k ∧ tk = r
⊥
k tk,
for each 1 ≤ k ≤ n. Actually, (pk)k is a sequence of orthogonal projections. Since
sk and sn commute, considering the abelian von Neumann algebra W
∗(sk, sn)
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generated by sk and sn, one can deduce that
fk = r
⊥
k tk ≤ e(λ,∞) (sn) (2.4)
for all k. Note that pkfk = pktk, since pk ≤ r
⊥
k . From (2.4), multiplying by pk,
we have
pktkpk = pkr
⊥
k tkpk ≤ pk e(λ,∞) (sn) pk
=⇒ τ (pktk) ≤ τ
(
pke(λ,∞) (sn)
)
=⇒
n∑
k=1
τ (pktk) ≤
n∑
k=1
τ
(
pk e(λ,∞) (sn)
)
≤ τ
(
e(λ,∞) (sn)
)
. (2.5)
Putting p :=
∑n
k=1 pk, the right hand side of inequality (2.1) is deduced from
τ
(
e(λ,∞) (sn)
)
≥
n∑
k=1
τ(pk tk) (by (2.5))
=
n∑
k=1
τ(pk)τ(tk) (by the weakly full independence)
≥
1
2
τ(p) (2.6)
in which the last inequality can be obtained from (2.3), Lemma 2.3 which implies
that med (sk − sn) = 0, and the definition of the median.
By utilizing the same argument with −sk instead of sk, we get a projection q
such that
τ
(
e(λ,∞) (−sn)
)
≥
1
2
τ(q). (2.7)
Now, the right hand side of inequality (2.2) can be obtained by summing (2.6)
and (2.7).
Next, in order to show the left hand side of inequlity (2.1), we prove by strong
induction that
τ(p⊥) ≤ 1−
1
2k−1
τ
(
r⊥k
)
(2.8)
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for every 1 ≤ k ≤ n. The step k = 1 holds due to τ
(
p⊥
)
≤ τ(p⊥1 ) = 1 − τ(r
⊥
1 ).
Now, let inequality (2.8) holds for any i < k. Then
τ(p⊥) ≤ τ
(
p⊥k
)
= τ
(
k−1∨
i=1
r⊥i ∨ rk
)
≤
k−1∑
i=1
τ
(
r⊥i
)
+ τ (rk) (by Lemma 1.1 (i))
≤
(
1− τ
(
p⊥
)) k−1∑
i=1
2i−1 + τ (rk) (by (2.8) and the inductive hypothesis)
=
(
1− τ
(
p⊥
)) (
2k−1 − 1
)
+ τ (rk)
Therfore,
τ(p⊥) ≤
2k−1 − 1 + τ (rk)
2k−1
= 1−
1
2k−1
τ
(
r⊥k
)
,
and this completes the argument.
It follows from inequality (2.8) that τ(p) ≥ 1
2k−1
τ
(
r⊥k
)
for every 1 ≤ k ≤
n, and so we arrive at (2.1). It can be proved by the same reasoning that
max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (−sk)
)
≤ τ(q). Hence,
max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (|sk|)
)
= max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (sk)
)
+ max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (−sk)
)
≤ τ(p + q),
and the proof of the left hand side of (2.2) is complete. 
Remark 2.5. Notice that, for example, if M1, . . . ,Mn are some noncommutative
probability spaces and xi ∈Mi, then x1, x2, . . . , xn satisfy the commutative con-
dition sksn = snsk for all k stated in Theorem 2.4 with respect to the product
probability space
n⊗
i=1
Mi, by identifying xi with 1 ⊗ . . . ⊗ 1 ⊗ xi ⊗ 1 . . . ⊗ 1 (xi
on the i-th spot). Furthermore, an example provided in [22] to show that our
condition is weaker than commutativity of all xi’s. However, we present another
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example in the matrix algebra M3(C) for the reader’s convenience.
x1 =
 1 1− i 01 + i 3 i
0 −i −1
 , x2 =
 0 −1 −i−1 1 2i
i −2i 3

x3 =
 3 2i i+ 1−2i −2 1
1− i 1 2
 , and x4 =
−2 −i −1i 0 −3i− 1
−1 −1 + 3i −2
 .
Then, not all x1, x2, x3, x4 commute with each other, but s1, s2 and s3 commute
with s4 =
2 0 00 2 0
0 0 2

Now, we present the classical version of Le´vy inequality.
Corollary 2.6. Let X1, X2, . . . , Xn be symmetric independent random variables
in probability space (Ω,F,P) with partial sums Sn. Then, for any λ > 0
P
(
max
1≤k≤n
(Sk) > λ
)
≤ 2P(Sn > λ), (2.9)
and P
(
max
1≤k≤n
|Sk| > λ
)
≤ 2P(|Sn| > λ) (2.10)
Proof. The projections rk, pk in the proof of noncommutative Le´vy inequality
correspond to the characteristic functions of the subsets Rk = Rk−1 ∩ {Sk ≤
λ} and Pk = Rk−1 ∩ {Sk > λ} with R0 = Ω. Note that the projections p
and q in Theorem 2.4 correspond to the characteristic functions of the subsets
{max
1≤k≤n
(Sk) > λ} and {max
1≤k≤n
(−Sk) > λ}, respectively. Indeed, it is easy to check
that
n⋃
k=1
Pk = {max
1≤k≤n
(Sk) > λ}.
Thus, by Theorem 2.4
P
(
max
1≤k≤n
(Sk) > λ
)
≤ 2P(Sn > λ),
which ensures inequality (2.9). Inequality (2.10) follows from
{max
1≤k≤n
(Sk) > λ} ∪ {max
1≤k≤n
(−Sk) > λ} = {max
1≤k≤n
|Sk| > λ}.

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In what follows, we employ the same reasoning as in the proof of noncommu-
tative Le´vy inequality, so we omit some details.
Ottaviani and Le´vy–Skorohod inequalities are related to the tail probabilities for
maximum partial sums of some random variables which are not symmetric. The
first result of this section reads as follows.
Theorem 2.7 (Noncommutative Ottaviani inequality). Let x1, x2, . . . , xn be weakly
fully independent self-adjoint random variables in M such that sksn = snsk
(k = 1, 2, . . . , n), where sk are the partial sums. Then for each λ > 0, set-
ting Mλ :=
1
min
1≤k≤n
τ
(
e
(−∞, λ2 ]
( |sn−sk| )
) (with 1/0 = ∞), there exists a projection p
such that
max
1≤k≤n
1
2k−1
τ
(
e(2λ,∞) (|sk|)
)
≤ τ(p) ≤ Mλ τ
(
e(λ
2
,∞) (|sn|)
)
Proof. Consider the sequence rk = e(−∞,2λ] (|sk|) 1 ≤ k ≤ n of projections with
respect to |sk| and the parameter 2λ. We set
pk :=
k−1∧
i=1
ri ∧ r
⊥
k
and tk := e(−∞,λ
2
] (|sn − sk|)
for each 1 ≤ k ≤ n. Then (pk)k is a sequence of orthogonal projections. Setting
fk := tk ∧ r
⊥
k = tkr
⊥
k , we get
fk ≤ e(λ
2
,∞) (|sn|)
and hence pk tk pk ≤ pk e(λ
2
,∞) (|sn|) pk. Consequently, taking the trace and sum-
ming over k, we have
n∑
k=1
τ(pk tk) ≤
n∑
k=1
τ
(
pk e(λ
2
,∞) (|sn|)
)
≤ τ
(
e(λ
2
,∞) (|sn|)
)
(2.11)
Putting p :=
∑n
k=1 pk, the desired inequality follows via
τ
(
e(λ
2
,∞) (|sn|)
)
≥
n∑
k=1
τ(pk tk) (by (2.11))
=
n∑
k=1
τ(pk)τ(tk) (by independence)
≥ min
1≤k≤n
τ (tk) τ(p).

Now, we present a quantum version of Le´vy–Skorohod inequality.
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Theorem 2.8 (Noncommutative Le´vy–Skorohod inequality). Let x1, x2, . . . , xn
be weakly fully independent self-adjoint random variables in M with partial sums
sk satisfying sksn = snsk for k = 1, 2, . . . , n. For each λ > 0 and for any
0 < α < 1, if Mλ :=
1
min
1≤k≤n
τ
(
e⊥
−(1−α)λ
(sn−sk)
) (with 1/0 = ∞), then there exists a
projection p such that
max
1≤k≤n
1
2k−1
τ
(
e(λ,∞) (sk)
)
≤ τ(p) ≤ Mλ τ
(
e(αλ,∞) (sn)
)
(2.12)
Proof. Set
rk := e(−∞,λ] (sk) (1 ≤ k ≤ n)
as a sequence of spectral projections, and put
pk :=
k−1∧
i=1
ri ∧ r
⊥
k ;
and tk := e[−(1−α)λ,∞) (sn − sk) ;
for each 1 ≤ k ≤ n. Note that tkrk = rktk and
tkr
⊥
k ≤ e(αλ,∞) (sn) , (2.13)
and hence
n∑
k=1
τ (tk pk) ≤
n∑
k=1
τ
(
pke(αλ,∞) (sn)
)
≤ τ
(
e(αλ,∞) (sn)
)
.
Putting p :=
∑n
k=1 pk, inequality (2.12) can be concluded from
τ
(
e(αλ,∞) (sn)
)
≥
n∑
k=1
τ(pktk) (by (2.13))
=
n∑
k=1
τ(pk)τ(tk) (by independence)
≥
n
min
k=1
τ (tk) τ(p).

Finally, we conclude the classical version of Le´vy–Skorohod inequality.
Corollary 2.9. Let X1, X2, . . . , Xn be independent random variables in probabil-
ity space (Ω,F,P) with partial sums Sk. Then, for any λ > 0 and 0 < α < 1
P
(
max
1≤k≤n
Sk > λ
)
min
1≤k≤n
P
(
Sn − Sk ≥ −(1 − α)λ
)
≤ P (Sn > αλ)
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3. Noncommutative strong and weak symmetrization inequalities
Recall that a sequence (xk)
n
k=1 in M is tensor independent [5, Definition 2.5
and Remarks after that] if
τ
(
m∏
i=1
(
n∏
k=1
aki
))
=
n∏
k=1
τ
(
m∏
i=1
aki
)
,
whenever aki ∈ W
∗(xk) (1 ≤ i ≤ m; 1 ≤ k ≤ n; m ∈ N).
For any self-adjoint element in M, one may construct a tensor independent
operator such that together with x are identically distributed. To be more precise,
consider the von Neumann algebra tensor product M ⊗M′ in which M′ = M.
Then any member of M and M′ can be regarded as elements of M⊗M′ equipped
with the tensor product trace τ , which is uniquely determined by τ (x ⊗ x′) =
τ(x)τ(x′) via the following maps, respectively:
x ∈M 7→ x⊗ 1 and x ∈M′ 7→ 1⊗ x.
For any self-adjoint element x ∈M, we put x = x⊗ 1 and x′ = 1⊗ x.
Clearly, x and x′ have identical moments in M ⊗M′ (i.e. τ (x k) = τ (x′
k
)
for every k ∈ N), so x and x′ are identically distributed by [5, p. 203, Remark].
Furthermore, x and x′ are tensor independent with respect to τ by [5, Theorem
3.1].
STANDING NOTATION. To simplify our notation, by passing to M⊗M
and considering an isometric copy of M therein, we denote x, x′, and τ with x,
x′, and τ , respectively; and set x̂ := x− x′.
The spirit of the next proposition is related to symmetrization inequalities,
which provide relations between random variables and symmetrized versions. As
an application, symmetrization inequalities can be applied to relate moments of
random variables to their symmetrized counterparts.
Proposition 3.1 (Strong symmetrization inequality). Let x1, x2, . . . , xn be self-
adjoint random variables in M. For any λ, there exists a projection p such that
τ(p) ≤ 2 τ
(
n∨
i=1
e⊥λ (x̂i)
)
. (3.1)
Moreover, the projection p is nonzero provided that e⊥λ (xi −med(xi)) is nonzero
for some 1 ≤ i ≤ n.
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Proof. Put zk := xk −med(xk) and set
r0 := 1, rk :=
k∧
j=1
eλ (zk) , (3.2)
pk := rk−1 ∧ e
⊥
λ (zk) , (3.3)
and qk := e
⊥
λ (x̂k) .
Then (pk)k is a sequence of orthogonal projections. Infact, if 1 ≤ k < j ≤ n, then
pj is a sub-projection of eλ (zk) and pk is a sub-projection of e
⊥
λ (zk), and hence
pjpk = 0 for all 1 ≤ k < j ≤ n.
Putting fk := e(−∞,0] (x
′
k −med(x
′
k)), note that projections e(λ,∞) (zk) , fk, and qk
commute with each other, because x and x′ as well as their spectral projections
commute. Considernig the abelian von Neumann algebra W ∗ (xk, x
′
k) and noting
that med(xk) = med(x
′
k), we conclude that
e(λ,∞) (zk) fk = e(λ,∞) (zk) ∧ fk ≤ qk. (3.4)
Now, from (3.4) we get
pk fk pk = pk e(λ,∞) (zk) fk pk ≤ pk qk pk ≤ pk (∨
n
i=1qi) pk
Therefore,
n∑
k=1
τ (pk fk) ≤
n∑
k=1
τ (pk (∨
n
i=1qi)) . (3.5)
As pk’s are orthogonal, setting p :=
∑n
k=1 pk, we obtain
τ (∨ni=1qi) ≥
n∑
k=1
τ
(
pk
(
n∨
i=1
qi
))
=
n∑
k=1
τ(pk fk) (by (3.5))
=
n∑
k=1
τ(pk)τ(fk) (by the tensor independence)
≥
1
2
n∑
k=1
τ(pk)
=
1
2
τ(p),
in which the last inequality follows from the definition of median; hence we have
proved (3.1).
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To investigate the last assertion, suppose that p = 0; so pk = 0 for all 1 ≤ k ≤ n.
However, it is easy to see from (3.2), (3.3), and induction that e(λ,∞) (zk) = 0 for
all 1 ≤ k ≤ n, which is contrary to our assumptions. 
Corollary 3.2. Let Xk, k = 1, 2, . . . , n, be classical random variables, and let
X̂k = Xk−X
′
k, where X
′
k is an independent copy of Xk for each k. Then for each
λ ∈ R,
P
(
max
1≤k≤n
(Xk −med(Xk)) ≥ λ
)
≤ 2P
(
max
1≤k≤n
(X̂k) ≥ λ
)
.
Proof. It is easy to check that the projections p and
∨n
k=1 qk in Proposition 3.1 cor-
respond to the characteristic functions of the subsets {maxnk=1(Xk−med(Xk)) >
λ} and {maxnk=1(X̂k) > λ}, respectively. 
Corollary 3.3 (Weak symmetrization inequality). Let x ∈ M be a self-adjoint
operator. If m = med(x), then for any λ ∈ R and α ∈ R,
τ
(
e⊥λ (x−m))
)
≤ 2 τ
(
e⊥λ (x̂)
)
τ
(
e⊥λ (|x−m|)
)
≤ 2 τ
(
e⊥λ (|x̂|)
)
≤ 4 τ
(
e⊥λ
2
(|x− α|)
)
.
In particular,
τ
(
e⊥λ (|x−m|)
)
≤ 2 τ
(
e⊥λ (|x̂|)
)
≤ 4 τ
(
e⊥λ
2
(|x−m|)
)
.
Proof. Applying the strong symmetrization inequality with n = 1 and x1 = x to
get
τ
(
e⊥λ (x−m)
)
≤ 2 τ
(
e⊥λ (x̂)
)
. (3.6)
Applying the strong symmetrization inequality with n = 1 and x1 = −x gives
τ
(
e⊥λ (−x+m)
)
≤ 2 τ
(
e⊥λ (−x̂)
)
. (3.7)
Note that for any self-adjoint operator y it holds that e⊥λ (|y|) = e
⊥
λ (y) + e
⊥
λ (−y).
Summing (3.6) and (3.7) we get
τ
(
e⊥λ (|x−m|)
)
≤ 2τ
(
e⊥λ (|x̂|)
)
.
Finally, the right hand side of the second assertion can be obtained from
τ
(
e⊥λ (|x̂|)
)
= τ
(
e⊥λ
(∣∣x− α− (x′ − α) ∣∣))
≤ τ
(
e⊥λ
2
(|x− α|)
)
+ τ
(
e⊥λ
2
(|x′ − α|)
)
= 2 τ
(
e⊥λ
2
(|x− α|)
)
.
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Note that x and x′ are commutating, and the above inequality easily follows from
Borel functional calculus. The last equality comes from the fact that if x, y ∈Msa
are identically distributed, then f(x) and f(y) are identically distributed for every
continuous function f on the union of the spectra of x, y. We refer the reader to
[5, Page 203, Remark] for more details. 
The following result can be concluded from the weak symmetrization inequal-
ity. Recall that a sequence (xn) in M converges to x in measure whenever
τ
(
e⊥ǫ (|xn − x|)
)
converges to zero for any ǫ > 0. (see [25] for more details).
Corollary 3.4. For a sequence (xn) in M
sa and a sequence (αn) of real numbers,
if xn − αn −→ 0 in measure, then x̂n −→ 0 in measure and αn −med(xn) −→ 0.
In particular, if xn −→ 0 in measure, then med(xn) −→ 0.
Corollary 3.5. Let x ∈Msa. Then, for any α ∈ R and p ≥ 1, it holds that
1
2
‖x−med(x)‖pp ≤ ‖x̂‖
p
p ≤ 2Kp‖x− α‖
p
p
for some constant Kp.
Proof.
‖x− x′‖
p
p = ‖(x− α)− (x
′ − α)‖
p
p
≤ Kp(‖x− α‖
p
p + ‖x
′ − α‖
p
p)
(by the noncommutative Clarkson inequality [6])
= 2Kp ‖x− α‖
p
p = 2Kp‖x− α‖
p
p.
Thanks to the weak symmetrization inequality, the left hand side follows via
‖x−med(x)‖pp = ‖x−med(x)‖
p
p =
∫ ∞
0
ptp−1 τ
(
e[t,∞)(|x−med(x)|)
)
dt
≤ 2
∫ ∞
0
ptp−1 τ
(
e[t,∞)(|x̂|)
)
dt = 2 ‖x̂‖pp .

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